This paper considers the semi-analytical field calculation of the armature reaction in brushless tubular permanent magnet actuators with rectangular slots. The tubular actuator is considered to have an infinite length and Fourier analysis is used to describe the current density distribution. The field solution is obtained by solving the Maxwell equations in the constant boundary value problem consisting of the airgap and the slot. The results are verified with finite element software, and analysis limitations and inaccuracies are addressed.
I. INTRODUCTION

L
INEAR and tubular actuators are ever more frequently used in the industry since they offer various advantages in comparison to the rotary to linear counterparts. Tubular actuators have excellent servo characteristics, virtually zero attraction force, and a higher force density than flat linear machines. In order to obtain an optimal design subject to various specifications, accurate modeling of the behavior of the actuator is inevitable. Various techniques exist for predicting the electromagnetic behavior of the brushless tubular actuator, including the magnetic equivalent circuit (MEC) networks [1] , the Schwarz-Christoffel (SC) conformal mapping technique [2] , the finite element method (FEM) [3] , and the semi-analytical approach [4] . The latter one is the most preferred for optimization, due to the high accuracy and fast computational time. Although linear iron with infinite permeability is assumed in the semi-analytical framework, a space mapping optimization routine [1] could give a solution to include the nonlinear behavior. Various publications exist on the analytical solution of the magnetic field resulting from the permanent magnets [5] - [8] , and force calculation is obtained by means of the Lorentz equation where the windings are modeled as current sheets. This approximation is valid for slotless machines; however, in the case of a slotted machine, this simplification leads to inaccuracies of the force profile and inductance calculation. Therefore, a semi-analytical approach for calculation of the magnetic field resulting from the stator windings including slotting effect is proposed in this paper. Rectangular slots and only a full pitch winding with one slot per pole per phase is considered; however, the same technique can be applied for other winding topologies. In Section II, the assumptions of the model are addressed, Section III describes the method and solution of the electromagnetic field in the airgap and the slot, and the results are verified with the FEM in Section IV. Furthermore, a brief discussion of the appearing inaccuracies due to the proposed method is given.
II. ASSUMPTIONS
To be able to apply the semi-analytical framework, several assumptions are made in order to describe the electromagnetic field solution. The axis symmetry of the tubular actuator allows the use of a 2-D cylindrical coordinate system. In the analysis, end effects are excluded and a single coil pitch with periodical boundary conditions is considered as shown in Fig. 1 . Only the field solution due to the stator windings will be derived; hence, the permanent magnets are modeled as air since their permeability is close to unity. For multiphase systems, as, for example, the three-phase system of Fig. 1 , superposition is applied to obtain the total field solution with the assumption that slotting effects of neighboring slots are neglected. This assumption means that only the slot due to the phase under consideration can be taken into account, as shown in Fig. 2 . 
III. SEMI-ANALYTICAL MODEL
The field equations are expressed in terms of the magnetic vector potential, , which is given by [9] (1) where the magnetic field, , due to the symmetrical nature, only has components in the -and -direction, and , respectively, and the vector potential has only one component in the -direction, , resulting in (2) (3) (4) where and are unit vectors in the r-and z-direction, respectively. The current density of region II, , can be written as a Fourier series, using the coordinate system in where the indices I and II correspond to regions I and II, respectively, and is the permeability of vacuum. Furthermore, since the relative permeability of copper is almost equal to unity, the constitutive relations are given by 
IV. VALIDATION OF MODEL ACCURACY
BY FINITE ELEMENT ANALYSIS The semi-analytical solution is obtained in the airgap (region I) and slot (region II) for the parameters given in Table I .
First, the semi-analytical solution is compared with the solution of a FEM model created in Flux 2-D [10] , which has the same assumptions as the semi-analytical model, described in Section II and Fig. 2 . Only a finite number of harmonics, and as given in Table I , can be calculated due to numerical limitations. Figs. 3 and 4 show clearly good agreement between the FEM and semi-analytical models. However, care should be taken when using the semi-analytical solution. Therefore, consider the difference between the magnitude of the magnetic field of the FEM model, , and the semi-analytical model, . This difference is plotted for regions I and II in Figs. 5 and 6, respectively, where the error of region II is only plotted for mm since for higher radii the error is less than 1% of the magnitude. In both Figs. 5 and 6, at the boundary of region I and II, relatively high errors (around 10%) occur. This error is predominantly resulting from the "mode matching" problem, as further discussed in [11] . Because, at that boundary, two field solutions of different spatial frequencies should be equal, given by the evaluated boundary equations BC4 and BC5 (14) (15) The Bessel functions increase exponentially with the harmonic number and only a finite number of harmonics, and for region I and II, respectively, can be calculated due to numerical limitations, which leads to the inaccuracy indicated in Figs. 5 and 6. However, it can be observed that this error decays very fast for a change in the radius and because for force calculation only the magnetic field solution in the center of the airgap is necessary, an accurate force prediction is still obtained.
Second, the total field distribution for the three-phase winding topology is calculated and compared with a FEM model, as indicated in Fig. 1 , but without the permanent magnets. From the solution shown in Fig. 7 , it can be observed that higher errors appear since the total field solution is obtained by superposition of the individual field solutions of each phase where slotting effect of the other phases is excluded (Section II). However, still a more precise solution is obtained with respect to the current sheet model for a slotted stator. As this error does not predominantly appear in the slot region, the inductance calculation will still be accurate.
The computation time of the analytical method is around 0.05 s, whereas the linear 2-D finite element calculation takes about 1 s for a mesh of 13 000 elements. Regarding optimization algorithms, the effort is even larger since the analytical method can easily be integrated in the software used for optimization, e.g., Matlab.
V. CONCLUSION
A semi-analytical solution of the electromagnetic field distribution of the armature reaction is given for a brushless tubular permanent magnet actuator with a full pitch winding topology with one slot per pole per phase for rectangular slots. The solution is obtained by solving the Maxwell equations for the constant boundary value problem consisting of an airgap and slot region. If a multiphase system is considered, the total field distribution is approximated by superposition of the field distribution of the individual phases with the assumption that the slotting effect of the other phases is neglected. The solution has good agreement with the FEM; however, inaccuracies occur at the boundary of the airgap and slot region, and care should be taken when evaluating the magnetic field at that point. This field solution can be used to predict the inductance or the force profile in combination with the semi-analytical field solution resulting from the magnets. and where is a K N matrix consisting of elements is a N K matrix consisting of elements is a column vector consisting of elements and is a column vector consisting of elements .
